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Abstract 

We consider the Sobolev (Bessel potential) spaces H\K'^,C), and their 
standard norms || Wi (with i integer or noninteger). We are interested in the 
unknown sharp constant Kimnd in the inequality \\fg\U ^ i^Wdll/llmllfflU 
(/ G i/™(R°', C), g G i7"(R'^, C); ^ i ^ m ^ n, m + n - £ > d/2); we 
derive upper and lower bounds K^^^ for this constant. As examples, we give 
a table of these bounds for d = 1, d = 3 and many values of {i,m,n); here 
the ratio K^rnndl ^tmnd i^^g^s between 0.75 and 1 (being often near 0.90, 
or larger), a fact indicating that the bounds are close to the sharp constant. 
Finally, we discuss the asymptotic behavior of the upper and lower bounds 
for K(^^u,ci,d when 1 ^ 6 ^ c and I — > +oo. As an example, from this analysis 
we obtain the i — > +oo limiting behavior of the sharp constant i^^,2^,2^,di 8' 
second example concerns the £ — > +cxd limit for K£^2e,3e,d- The present work 
generalizes our previous paper [16], entirely devoted to the constant Kf^nnd in 
the special case i = m = n; many results given therein can be recovered here 
for this special case. 
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1 Introduction and preliminaries. 



The present work generalizes some results of ours [16] on pointwise multiplication in 
the Sobolev (or Bessel potential) spaces H^{R'^, C) (see the forthcoming Eqs. (1.38) 
(1.39) for a precise definition of these spaces and of their norms). In the cited work, 
we derived upper and lower bounds for the sharp constant K^a in the inequality 

WfgWe^KuWfWeMi for /, ^ e i7^(R^ C), £ > d/2 . (1.1) 

Here, we derive bounds for the sharp constant Kf^j^nd in the inequality 

Wfgh ^ K,mnd\\f\U\9\\n for / G H^{B.\ C),ge H-(R'', C), (1.2) 

£, m, neR, ^ £ ^ m ^ n, n + m — £ > d/2 ; 

this becomes (1.1) for £ = m = n. The relation if™(R^ C)i/"(R^ C) C H^{R'^, C) 
and the inequality (1.2) are well known for the indicated values of £,m,n (see e.g. 
[4], Part 5); however, to the best of our knowledge, no quantitative analysis seems 
to have been done for the related constants. 

One of the motivations to analyze the constants in this inequality and similar ones 
is the same indicated in [16]: this analysis allows to infer a posteriori estimates on 
the error of most approximation methods for semilinear evolutionary PDEs with 
polynomial nonlinearities, and also to get bounds on the time of existence for their 
exact solutions (see in particular [15], where we considered a nonlinear heat equation 
and the Navier-Stokes equations). This is just one of the possible applications: in 
fact, inequalities of the type (1.1) (1-2) and similar ones are relevant for several 
reasons in many areas of mathematical physics, including the quantum field 
theory and the analysis of the Lieb functional in electronic density theory [10] [9]. 
Let us fix the attention to (1.2). Finding the sharp constant K^^^d is clearly difficult; 
for this reason, and even in view of applications to PDEs, one can be satisfied to 
derive two-sided bounds 

^imnd ^ ^emnd ^ ^hnnd ' (1-3) 

where the lower bound K^^^^ is sufficiently close to the upper bound K^^^^: this is 

the same attitude proposed in [16] for the constant of (1.1). 

In the present paper, we produce the following upper and lower bounds. 

(i) First of all, we establish what we call the "^-function" upper bound A'l^j^^; this 
is obtained maximizing a suitable function ^gmnd '■ [0, +oo) (0, +oo) (which is, 
up to a factor, a generalized hypergeometric function). In the special case £ = 0, we 
derive as well a "Holder" upper bound K^^^; this is obtained from the Holder and 
from the Sobolev imbedding inequalities. 

(ii) Next, we present a number of lower bounds; all of them are obtained directly from 
Eq. (1.2), choosing for f, g some convenient trial functions (generally depending on 
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certain parameters, to be fixed optimally). Different choices of the trial functions 
yield the so-called "Bessel" lower bound Kf^^^, the "Fourier" lower bound Kf^^^ 
and the "S-constant" lower bound Kf^^^ (holding for m = £ only). 
The above terminology for the upper and lower bounds is used only for convenience: 
the terms "^-function" , etc., recall some distinguished function or feature appearing 
in the construction of these bounds. For all i, m, n, d, from the available upper and 
lower bounds one can extract the best ones, indicated with Kf^^^: so, K^j^nd 
minimum of the upper bounds in (i) and K^^^^ is the maximum of the lower bounds 
in (ii). 

To exemplify the above framework, the paper presents a table of upper and lower 
bounds Kf^^^ in dimension d — 1 and d — for a set of values of £, m, n; in each 
case, informations are provided on the type of bound employed, and on its practical 
computation. In all cases presented in the table, the ratio K^mndl -^tmnd ranges 
between 0.75 and 1, often reaching a value larger than 0.90; so, our bounds are not 
far from the sharp constant K^^nnd- It would not be difficult to build similar tables, 
for different values of £, m, n (even non integer) and d. 

The final step in our analysis is the asymptotics of some available upper and lower 
bounds, when i,m,n go to infinity (and d is fixed). This generalizes an analysis 
performed in [16], where we proved for the constant K^d in (1.1) the relations 



0.793 



iVVsYi^ , / (2/V3) 



£d/4 



l + 0(^. 



^ Ku < Td 



£d/4 



1 + Oi 



,1, 



for i —>■ +00 



3^/4+1/4 

(to be intended as follows: K^d has upper and lower bounds behaving like the right 
and left hand side of the above equation). 

In the present paper, some of our bounds on the sharp constant Ki^u,ci,d are inves- 
tigated for £ +00 and fixed 6, c, o? (1 ^ 6 ^ c). To exemplify our results, let us 
report the conclusions arising for & = c = 2 and 6 = 2, c = 3, respectively. In the first 
case we grasp the limiting behavior of the sharp constant, which is the following: 

for^^+oo; (1.5) 

the above result is inferred from the analysis of suitable upper and lower bounds for 
Ki^2e,2e,d, both of them behaving like the right hand side of (1.5) when i — > -|-oo. 
In the second case, we find 
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The subscript {&23d) in Eq. (1.6) means that the indicated upper bound holds under a 
certain condition &23d, deahng with the maximum of a hypergeometric-hke function; 
we have numerical indications that the condition is satisfied for all d, as explained 
later in the paper. 

Organization of the paper. In the sequel of the present section we fix a few 
notations, and review some standard properties of the special functions employed 
throughout the paper (Bessel, hypergeometric, etc.); an integral identity about 
Bessel functions presented here, and seemingly less trivial, is proved for complete- 
ness in Appendix A. Again in this section, we review the definition of the spaces 
H^(Rf,C). (Some facts reported in this section were already mentioned in [16]; 
they have been reproduced to avoid continuous, annoying citation of small details 
from the previous work). 

In Section 2 we present our upper and lower bounds on Kirnnd, oi all the types 
mentioned before (e.g., the "^-function" upper bound, the "Bessel" lower bound, 
and so on); most proofs about these bounds are given later, in Sections 5, 6, 7. 
In Section 3 wc describe the practical computation of the bounds in Section 2, and 
present the already mentioned table of upper and lower bounds K^^^, for (i = 1, 3 
and many values of £, m, n; further details on the construction of the table are given 
in Appendix B. 

In Section 4 we describe the asymptotics of some upper and lower bounds for 
Ke^he,ce,d, when 1 ^ 6 ^ c and i +oo; as examples we consider the cases 
(6, c) = (2,2) and (2,3), yielding the previous mentioned results (1.5) (1.6). Most 
statements of Section 4 are proved in Section 8. 

Some bzisic notations and facts. Throughout the paper: 

(i) N stands for {0, 1, 2, ...}, Nq means N \ {0}. We often consider the sets — N = 
{0, -1, -2, ....}, 2N = {0, 2, 4, ...}, 2N + 1 = {1, 3, 5, ...} and N + | = {|, |, |, ...}. 

(ii) We use the double factorial 

(-1)!!:=1; s!! := 1 • 3 (s - 2)s for s e 2N + 1 . (1.7) 

(iii) The Pochhammer symbol of a e R, i e N is 

(a)i := 1 if i = 0, (a)i := a(a + 1)... (a + i - 1) if i > 0; (1.8) 

note that 

{-s)i = for s e N, i > s . (1.9) 

(iv) We work in any space dimension d e Nq. The standard inner product and 
Euclidean norm of R'^ are denoted by • and | | , respectively. The running variable 
over R*^ is written x — {x^, ...,x^) (or k, when R"' is viewed as the space of "wave 
vectors" for the Fourier transform); the Lebesgue measure of R*^ is indicated with 
dx (or dk). 
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For future citation, we record here the famihar formula for integrals over R of 
radially symmetric functions; this is the equation 



holding for all sufficiently regular real (or complex) functions (p on (0, +00) (when 
dealing with integrals on the "wave vector" space (R'^, dk), the radius r is renamed 



Some special functions. The independent variables and the parameters appearing 
in the special functions that we consider are reaJ, unless the use of complex num- 
bers is explicitly declared; consequently, the notion of analyticity often employed in 
relation with such functions is intended in the real sense. We take [6] as a general 
reference on real analyticity; in particular, we frequently refer to the principle of 
analytic continuation as stated in Corollary 2, page 122 of the cited book. 
We take [1] [11] [17] [19] as standard references for special functions. In this paper, 
we frequently use: the Gamma function F; the Bessel functions of the first kind Jv, 
the modified Bessel functions of the first kind 1^ and the modified Bessel functions of 
the second kind, or Macdonald functions, K,^; the generalized hypergeometric func- 
tions pFq, especially in the cases p = 2, g = 1 (the usual Gaussian hypergeometric 
function) and p — ?),q — 2. 

Concerning the Gamma function, we often use: the integral representation 




(1.10) 



P)- 




for a e (0, -l-oo) , 



(1.11) 



the elementary relations 



F(A; + 1) = A;! , 



V{a + k) 



(a)feF(a) 



for A; e N , 



(1.12) 



the duplication formula 





the integral identity 





(1.14) 



and the asymptotics 




for /X, 1/ e R, a — >• -|-oo . 



(1.15) 



4 



As for the Macdonald functions, we recall that 

KAw) = ^f^e-'" -rr^ — ^- /-r 7 — ^ for z/ e N + -, w e R . (1.16) 

' ^ ^ i!(i/-i - 1/2)! {2wy-' 2' ^ ' 

The list of results we need about pFg functions is longer, and wholly occupies the 
next paragraph. 

On (generalized) hypergeometric functions. Most of the facts reported here- 
after on the pFq hypergeometric functions are derived from [11]; we will occasionally 
mention other references. Let 

p,geN, Clip e R, e R\ (-N) ; (1.17) 

for A; = 0, 1, 2, ... we associate to the parameters ai, ...,6q the Pochhammer's symbols 
{ap)k, (5i)fc, (5g)fc, noting that {Si)k 7^ due to the assumptions on 5j. 
If w is a real variable, the standard definition 

pFg{ai, ap, 5i, 5g; w) := — -f— — (1.18) 

^ [dl)k---[dq)k K\ 

makes sense when the above power series in w converges; this happens, in particular, 
if 

P = g , 

or 

P = g+ 1 , 

or 

p, q arbitrary, ctj = — £ for some i G {1, and £ G N, G R ; (1-21) 

in the third case we have {ai)k = for /c > £, so the series X]fc=^ (1-18) f^^t 
a finite sum 'Yl,k=Q- subcase £ = of (1.21), the finite sum consists only of 

the = term, so 

pFg(ai, ap] 5i, 5q] w) = I (1.22) 

for p, g arbitrary, if = for some i G {1, and -u; G R . 

In general, the series (1.18) is invariant under arbitrary permutations of the param- 
eters cti, ctp or 5i, 5q. 

Due to the above indications on the casep = g, the function qFq{ai, a^; 5i, 5^; w) 
is well defined via (1.18) for 

ai, aq G R, 5i, 5g G R \ (-N), w G R ; (1.23) 



w G R 

(-1,1) , 



;i.l9) 
:i.20) 
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furthermore, gFg is analytic in all the parameters ccj, 5i and in the variable w on the 
domain (1.23). For fixed cci, Sg as in (1.23), one has qFg{ai, aq, Si, 5q; w) — 

0{{—w)~^^) for w — i> — oo, and qFq{ai, aq, Si, .... Sq] w) = Oiw^e^) for w +00, 
where fi := min(ai, a^), 1/ := X^^^i cti — X^^=i these results can be traced in 
the classical work [3]. 

Concerning the case p = q + 1, the limitation w e (—1,1) in Eq.(1.20) can be 
overcome if at least one of the parameters ai, Og+i is positive; in this case, one 
can define q+iFg using, instead of the series (1.18), the following integral formula 
(see [11] Vol.1, page 59, Eq. (13)): 

g+iFq{ai, ag+i, Si, Sg] w) (1.24) 
— — - / dte~H°'''~'^ qFq{ai, ...,ah-i,Oih+i, ...aq+i;Si, ...,Sq;wt) 

i [Oih) Jo 

if ah e (0, +00) for some h e {1, q + 1} and ai, ah-i, ah+i, ...aq+i e R, 
Si, SgeR\ (-N), w e (-00, 1) . 

The above integral converges, due to the previous result on the asymptotics of gFg 
for large values of the variable. The prescription (1.24) gives a unique definition 
for g+iFg if applied for different vahics of h (all of them with ah > 0), and always 
agrees with Eq. (1.18) if e (—1, 1), or if ai — —s for some i e {1, ■■■,p}, s e N 
and w e (—00, 1). 

The function g+iFg is analytic in the parameters ai, ...,ag-^i,Si, ...,Sg and in the 
variable w in the domain indicated by Eqs. (1.20) (1.21) and (1-24). Of course, 
many properties of q+iFq derivable where the series (1-18) converges hold in fact on 
the whole domain (1.20) (1.21) (1.24), by the principle of analytic continuation. 
Let us finally mention that, for i G (1, ...,p} and j e {1, q}, 

p+iFq+i{ai: ■-, Qii-i, P: oip] Si, Sj-i, (3, Sj..., Sq, w) (1-25) 

= pFq{ai, ai^i, ai..., a^, Si,..., Sj^i, Sj..., Sq, w) 

whenever the two sides are defined (by power series of the type (1.18), or by any 
analytic continuation) . 

As anticipated, in this paper we are mainly interested in the 2F1 and 3F2 hypergeo- 
metric functions. 

The properties of 2Fi{a, [3;S;w) we are using more frequently are the obvious sym- 
metry in a,j3, and the Kummer transformation 

2Fi{a, (3; S; w) ^ {I - «;)*-'^-^Fi(5 - a,S - (3;S;w) . (1.26) 

Besides the integral representation (1.24), we have for this function the alternative 
representations 
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^Fi{a,(3;S-w)= ^^^^^^^^_^^ j\s s^-\l - sY-^-^l - sw)-- (1.27) 



for 5 > P > 0, -oo <w<l; 

2Fi(a,/3;5;l-^) = ^;^^^^|^L_ £'^duu^-\l + ur-\l + wu)-^ > (1.28) 

for 5 > f3 >0, w > . 

Eq. (1.27) is the well known Euler's formula, and (1.28) follows from (1.27) after a 
change of variable s — u/{l + u). 

The function 3^2(0, f3, 7; S, e; 1]) is obviously symmetric in a, f3, 7 and S, e separately. 
In the sequel we refer to the identity (see [11], Vol. II, page 13, Eq. (34)) 

T? ( a !i \ (Q)»(/3)»(e-7)i {-wf . ^- n^- c^- ^ 
3F2{a, (J, 7; d, e;w) = — 2-^^1(0; + i, p + i;d + i;w) 



i=0 



for -00 < w < i , (1.29) 
We also mention the asymptotics [8] [18] 

(1.30) 

for w — > —00, (3,5 > 0, a < min(/3, 5) ; 

3r2^a,p,7,o,£,«'J r(^)r(7)r(i - a)r(e - a) ^ ^ ^ ' 

for w — > —00, /3, 7, 5, e > 0, a < min(/3, 7, 5, e) . 
Another result, important for our purposes, is the relation 

r+00 

/ drr^+''+''^'Jsihr)K^{r)K,{r) (1.32) 

X 3F2(/x + (5 + l,i/ + 5 + l,/x + i/ + 5 + l;^-^ + 5 + l,^-^ + 5+-;- — ) 
for /i, /X, i/, 5 e R, /i > 0, 5, + 5, + 5, + i/ + 5 > — 1 ; 
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the above conditions on the parameters ensure, amongst else, convergence of the 
integral in the left hand side. Eq. (1.32) generalizes Eq. (3.16) of [16], and the con- 
siderations of the cited reference can be rephrased in the present framework: the 
result (1.32) is known, but it is difficult to trace a proof in the literature. For this 
reason, a derivation of (1.32) is proposed in Appendix A. 

Fourier transform. Let us use the standard notation 5"(R'^, C) for the tempered 
distributions on R''. We denote with T.T'^ : 5'(R'^, C) S'{K^,C) the Fourier 
transform and its inverse; T is normalized so that 



= (2^ ''"""^W (1.33) 

(intending the integral literally, if / G L^(R'^, C)). The restriction of T to L^i^, C), 
with the standard inner product and the associated norm || ||j^2, is a Hilbertian 
isomorphism. 

Consider two (sufficiently regular) radially symmetric functions 

/:R'^^C, x^j{x)^^{\x\), F:R'^^C, k ^ F{k) ^ ^{\k\) ■ (1.34) 

the Fourier and inverse Fourier transforms Tj^ T~^F are also radially symmetric, 
and given by [5] 

1 /■+00 

•^/(^) = ^p72rT I drr'^/V,/2-i(|A;|r)(^(r), (1.35) 

•^~'^(^) = ^p7^ \^ dpp'^/V,/2_i(|a;|p)$(p) . (1.36) 

Sobolev spaces. Let us consider a real number i\ we denote with yT+~|kp ^ the 

function k E R^ i— > ^/l + (and the multiplication operator by this function). 
Furthermore, we put 

^ := J^-Vl+ |kp V : 5'(R^ C) ^ 5'(R^ C) . (1.37) 

The £-th order Sobolev (or Bessel potential) space of L^-type and its norm are [2] 
[12] 

H^(K^, C) := {/ e >S'(R^ C) v^r^ V e L^R'^, C) } (1.38) 
= {/ e S'{K', C) I V^TW V/ e L^(R^ C)} ; 

:= ll^r^ ' /lU. = II v^ITW^ ' ■ (1-39) 
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We note the equality 

{H%R^),\\ \\o) = {L\R^),\\ lU.) (1.40) 

and the imbedding relations 

i^£' =^ H^'{Ky C H^R'^) , II 11^ ^ II 11^/ . (1.41) 

We only consider the Sobolev spaces if^(R'^) of order i ^ 0, which are embedded 
into L^(R'') (and so, consist of ordinary functions). In the special case £ e N, the 
definitions (1.38) (1.39) imply 

H^R', C) = {/ e S'iR", C) I a,,,...,, J e L^R", C) (1.42) 

yk e {o,...,e},{K-,h) e {i,...,d}' } ; 



I — 



AE(n E f /X \d,,,...,,J{x)\- . (1.43) 



In the above, d^. is the distributional derivative with respect to the coordinate x^'. 

Other functions. As in [16], a central role in our considerations is played by the 
function Gtd := 1/(1 + |kp)*, i.e., 

G,, : R-^ ^ C , Gu{k) := ^jtW ^ ' ^^"^^^ 

we further set 

: R<^ ^ C , gu := J^'^Gta {t > rf/4) . (1.45) 

We note that, with the assumption t > d/A, Gtd and, consequently, gtd are 
functions. The functions gtd are related to the Macdonald functions [2] [12] since, 
for any x e R*^, 



\x 



t-d/2 



9u{x) = Kt.d/2{\x\) . (1.46) 

2 The constant Kimnd and its bounds: description 
of the main results. 

Let d e No, and consider three real numbers £, m, n such that 

0^£^m^n, n + m-l>d/2. (2.1) 
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2.1 Definition. We put 

Kimnd min I X e [0, +00) | \\fg\\e ^ K\\f\U\g\l (2.2) 

for all f e H'^iR^, C),ge H''{R'^, C) } 

and refer to this as the sharp (or best) constant for the multiplication H'^[Bf', C) x 
H'^iR^, C) H^iR^, C). 

In the sequel we present our upper and lower bounds for the above constant; most 
of the forthcoming propositions are proved in Sections 5, 6, 7. 

"=y-function" upper bound on Kimnd- This is our most important upper bound; 
it is determined by a function — S^emnd, stated hereafter. 

2.2 Proposition, (i) For i,m,n fulfilling (2.1), one has 



K(.mnd ^ J sup yemnd{u) , (2.3) 
«g[0,+oo) 



where, for u & [0, +00), 



, d m+nm+n+1 . 
Fmnd{u) -.^ 3F2{m + n- -,m,n; — - — , ■,-u). (2.5) 

In the special case m = n, Eq. (2.5) implies 

Fmmd{u)= 2Fi{2m- ^,m;m + ^;-u) ; (2.6) 

the trivial case m — is described by 

Fond{u) = 1 for all u . (2.7) 

For all i,m,n as in (2.1), the function S^^mnd sends [0, +00) to (0, +00) and is 
bounded, so the sup in (2.3) is actually finite. The behavior of this function for 
u — Q and u — > +00 is described by the following relations: 

_ V{m + n-d/2) 
(47r)'*/^r(n + m) 

(l + ^r(n-d/2) 1 „ ^ 

-^^-ndiu) (4^)./.r(^) « ^ (2.9) 
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(S is the Kronecker symbol, i.e., :— 1 if m — n, and '■— otherwise). 
According to (2.9), the u — > +oo limit of S^imnd is 

( {l + Smn)r{n-d/2) 

yemnd(+oc)^{ {iny/^r{n) ^ (2.10) 

[ ifi<m. 

(a) One has 

Fmnd{u) (2.11) 



if u & [0, 1), or u & [0, +oo) and the series over j is a finite sum. 
An alternative expansion, holding under the same conditions, is 

Fmndiu) (2.12) 

_^^ (m + n-f)^(m).(^)^ (^^^^), (^), (-1)V+^- 

hh ^'('^).("^). (1+^)^^^^^+^ ■ 

The above series over j or i become finite sums in the special cases indicated below. 

')n-\-n — d 
+ 00 2 

If m + n-de2N, J2 ^ Yl in (2.11) ] (2.13) 

n — m—1 
+ 00 2 

if n-me2N+l, ^ ^ Yl i^ (^-^V ■ 

i=0 i=0 

m+n—d—l 
+0O 2 

// m + n-de 2iV+l, XI in (2.12) ; (2.14) 

n — m 
+ 00 2 

i/ n — me 2N, ^^Yl ^™ ("^-^^^ ■ 

i=0 1=0 

Proof. See Section 5. o 
2.3 Remark. In the case i ^ m ^ n {i > d/2), Eqs. (2.4-2.6) give 

-^eeediu) :^ ^^^j^^^^ ' ^^.15) 

this is the function denoted with in [16], Proposition 2.2, that was employed to 
derive our upper bound on Kuid = Kid- o 
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"Holder" upper bound on Ko^nnd- The upper bound on K^^nd given by the 
above proposition holds for arbitrary i,m,n as in (2.1). In this paragraph we give a 
different upper bound for the special case i = 0, that is somehow trivial since || ||o 
is the L^-norm. In this case, for all functions f,g one can estimate ||/5'||l2 via the 
Holder inequality, and then employ the Sobolev imbedding inequality, with certain 
information on the related constant. To make contact with the Sobolev imbedding, 
we introduce the following notations: 



td 



[2, +00) 
[2, +00] 



if i e [0,d/2), 

if t = d/2 , 

if i e (d/2,+00) 



/1 



(^^^Y/A-d/{2r) 



2/r 



1/2-1/r 



v 



(1-2/r) 



E{l/r) 
E{1 - 1/r) 



d/2 



I 



if t e [0,(i/2), r e (2, 



) or t e [(i/2,+00), r e (2, +00) 



S2td 1 if ^ e [0, +00) , 



1 



T(t-d/2) 



(47r)^/4 



Tit) 



lit e (d/2, +00) ; 



E(u) 



u 



for u e (0, +00) , E{Q) := lim„^o+-£^(«) = 1 



Then 



t e [0, +00], r e Ru ^ i^*(R') c UiH"), II lU. ^ || 

furthermore, for t e ((i/2,+oo), 

5'ootd minf^" G [0, +00) j || ||ioo(Rd) ^ -S" || ||t }. 



\t 1 



(2.16) 



(2.17) 



(2.18) 
(2.19) 
(2.20) 

(2.21) 
(2.22) 



Of course, the imbedding inequality || ||j^r(Rd-) ^ constant || ||t is well known; for 
the statements (2.16-2.22) on the constant in this inequality, see [13]. In particular, 
(2.22) means that Sootd is the sharp constant for the corresponding inequality; as 



a matter of fact, the equality ||/||£,oo(Rd) = -S'ootd ||/||t holds for / = gta as in Eqs. 
(1.45) (1.46). 

With the above notations, we can state the following. 
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2.4 Proposition. For any p G [2, +cxo], let p* G [2, +00] denote the solution of 
the equation l/p+ l/p* = 1/2. Furthermore, let m,n fulfill conditions (2.1), with 
i — 0; then, (i)(ii)hold. 

(i) The set 

Rmnd := {P e Rmd \ P* £ Rnd} (2.23) 

is nonempty. 

(a) For any p G Rmnd, one has 

-^Omnd ^ SpmdSp*nd i (2.24) 

SO, 

Komnd ^ il^f SpmdSp*nd ■ (2.25) 

Proof, (i) The thesis follows from an elementary analysis, explicitating the defini- 
tions of Rmd s-nd Rnd via Eq. (2.16). 

(ii) Let p G Rmnd: ^nd consider any two functions / G if"*(R'^), g G H'^(R'^); then, 
the Holder inequality and the imbedding relations (2.21) give 

WfgWo = Wfgh^ ^ WfWMlL.* ^ (Vdll/IU)(^p*ndlblU) , (2.26) 

whence the thesis (2.24). Now, (2.25) is obvious. o 

As shown later via a series of examples, the bound (2.25) is often better than the 
case £ = of the bound (2.3). 

General method to get lower bounds on Ki^nnd' The general method is based 
on the obvious inequality 

J^imnd ^ 11 .11 11 II l^-^'j 
ll/IUIIS'lIn 

for all nonzero / G -f/'™(R'^, C), g G i7"(R'', C); this gives a lower bound for any 
pair of "trial functions" /, g. In the sequel we propose several choices of the trial 
functions, depending on one or more parameters; the parameters must be tuned to 
get the best lower bound, i.e., the maximum value for the right hand side of Eq. 
(2.27). 

"Bessel" lower bound. In this approach, the trial functions have the form 

gvtd{x) := gtd{vx) (2.28) 

where u G (0, +oo) is a parameter and gta is defined by Eq. (1.45). By comparison 
with that equation, we find 

Quid = ^"^G^td , G^td{k) := + |^|2/j,2)t ■ (2-29) 



13 



2.5 Proposition, (i) Let n e [0, +cx)),t e (n/2 + d/A, +00), z/ e (0, +00). Then 

g,u e H^{R\ C), (2.30) 

„2 tt'^/^ r(2t - n - d/2) 2x 
= ^ p^^^ _ ^ 2Fi(-n, d/2; 2t - n; 1 - z/^) . 

(Note that 2Fii—n,d/2;2t — n;w) is a finite sum YI^^q ^ ^^^^^'^^ ^ ifneN). 



(a) Let £,m,n fulfill (2.1), and 

s e (m/2 + (i/4, +CX)) , t e (n/2 + rf/4, +00) , z/ G (0, +00) (2.31) 

(then Qf^sd £ H'"''{R'^, C) andg„td G H^{Rf', C), due to (i); this also implies g^gd 9 m £ 
H^{R'^, C) ). One has 



nd^arz r+00 

\\9,sd9.tdre = Y{d/2) i duu''/'-\l + AuYGl,ii,,u;u) , (2.32) 

where 

Gstd{lJ':^;u) (2.33) 

^s-d/2j^t-d/2 r+oc 

2^^+^*-r(.)r(t)z.V2+*/2 I drr^^^-'/^Ja/.-^{r) K,.a/2{^)K,.,/,{^) . 
Moreover, assume 

s-^,t-^eN+l, ieN. (2.34) 
Then both integrals in Eqs. (2.33) and (2.32) are elementary, and 

^^^'''^''''^^''^ VHd/2)VHs)VHt) ^ ^ ^ (I) ^^-^^^ 



r{i + i' + j + j'-k-k'-h + d/2 + l)T{k + k' + h + d/2) 

X T^/. , ., , — T- — ., , J , Gstijkd Gsti'j'k'd 

r{i + i' + j +j' + d + i) 



ni+i'jyi+j' 
s/ L 

ifere u;e have put 

Ltd (2.36) 
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Gstijkd (2.37) 

_ (-i)^(i +j + d-m2s-t-d-i)\{2t-j-d-i)\ (-y (-^), 

(in) Let £,171,11 be as in (2.1), and s,t as in (ii). Then, for all e (0, +oo), 

1 1 Qnsd \\m\\ Qvtd 1 1 n 

whence 

Kemnd > sup J^5^rf(/^, . (2.39) 
The function J^^^^ can he computed from items (i)(ii)- 

Proof. See Section 6. o 

"Fourier" lower bound on Kimnd- As in [16], we use this term for the lower 
bound arising from the trial functions 

f,ad{x) e^^^^ e-'^l^l'/^ {p e [0, +oc),a e (0, +oo)) (2.40) 

The Sobolev norm of any order n of this function can be expressed using the modified 
Bessel function of the first kind 7^,, the Pochhammer symbol (1.8) and the double 
factorial (1.7). 

2.6 Proposition, (i) Letm,p e [0,+oo), a e (0, +oo). Then 

9 ^/2 r+oo 2, 2 9n 

WMt = I dp/l\l+p^re-'^h,,^,(%) (2.41) 

ifp>0, and 

o _(i/2 /•+00 2 

11^-11™ = f(57^ i ^"/-(l + .re-- (2.42) 

(w/2)'^/2"^ 

(^t/iis is the p — > 0"*" Zimi^ o/ (2.41), since Id/2-i{w) ~ — — /or w — > 
In particular, for m integer, 

m (. j 



\\uu\l = -"'Y.Y.i: 

t=0 j=0 g=0 



m 



2j \ {2g-iy.\ 



2g J 29 

x{d/2-l /2)^_ . p2i-2s^£+p-j-d/2 _ ^2.43) 
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(ii) Let £, m, n fulfill (2.1). Then, for all p,q & [0, +00) and a,T & (0, +00), 

Kemnd > =^Ld(P, r) Jl^'^^^^'^f^ , (2.44) 

1 1 Jpad \\m\\ Jqrd \ \ n 

whence 

Klmnd > sup J^emndiP^ ^) ■ (2-45) 

p,q^O,a,T>0 

The function ^gmnd '^^'^ computed from item (i). 
Proof, (i) Sec [16], Proposition 2.4. 

(ii) Use Eq. (2.27) with / = fp^d and g = fgrd] tlien fg = fp+q^„+r,d and we get Eq. 
(2.44). o 

"S-constant" lower bound on Kund- This lower bound holds for Kimnd in the 
special case £ = m; it can be obtained from (2.27), substituting for / a family of 
approximants of the Dirac 5 distribution. This bound already appeared in [14], 
analyzing an inequality strictly related to the case £ = m of (2.2). In the cited 
reference, for a number of reasons this was called the "ground level" lower bound; 
here, we prefer the denomination of "S'-constant" lower bound to recall its relation 
with the Sobolev imbedding constant S = Soond oi Eq. (2.19). 

2.7 Proposition. Let 

O^i^n , n>^ . (2.46) 

Then 

Keend ^ 'S'oond ■ (2.47) 

Proof. It is essentially known from [14]; for completeness, a sketch of it is given in 
Section 7. o 

The last statement, combined with the general upper bound (2.3) in Proposition 
2.2, gives the sharp value of K^^d in the trivial case i — 0. 

2.8 Proposition. Let n > d/2; then 

Koond — Soond ■ (2.48) 

Proof. The cited inequality (2.3) gives 



Koond ^ J sup yoondiu) ] (2-49) 
ue[o,+oo) 
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on the other hand, the general definition (2.4) of S^tmnd and Eq. (2.7) about F^^d 
give 

^^^nd{u) = gp^i^o„.(n) = for all u e [0, +oo) . (2.50) 

Prom here, (2.49) and (2.19) we see that 



^""^^ ^ j^i^i Y — f(^) — - ^^^^ ■ ^^■^^) 

Prom (2.47) we have -f^oond ^ S^ond as well, so we get the thesis (2.48). o 

In fact, the equality K^nd = S^ond holds as well in some cases with nonzero £ (e.g., 
for 0? = 3 and £ = 1, n = 2: see the table of page 20 and Eqs. (B.27-B.29)). 



3 On the explicit determination of upper and lower 
bounds for Kimnd • 

Let us translate the results of the previous section into a scheme to get explicit 
upper and lower bounds Kf^^^ on K^^ndi such that 

^tmnd ^ ^imnd ^ ^imnd ■ 

At the end of the section, we present a table of such upper and lower bounds, for 
c? = 1 or 3 and many values of i, m, n. Before discussing the table, let us describe 
the general scheme to determine the upper and lower bounds. 

On the computation of K^^^. One proceeds as follows. 

(i) Por any £ 0, one can use the =5^-function upper bound provided by Proposition 
2.2, Eq. (2.3), i.e., the number 



^imnd '■— / sup '^emndi'U') {oY SHI Upper approximaut for this). (3.1) 

Y uG[0,+oo) 

The function S^imnd has the expression provided by Eqs. (2.4-2.14); depending on 
the case, its sup can be determined analytically or estimated numerically, 
(ii) Por £ — 0, one can use as well the Holder upper bound provided by Proposition 
2.4, Eq. (2.24), i.e., the number 

^omnd '■— Spmd Sp*nd (or an Upper approximant for this) . (3.2) 

na 
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Let us recall that + — 1/2 and Spmd-, Rpmd are defined by Eqs. (2.17-2.20), 

(2.23); typically, the estimation of the sup over p is numerical. 

(iii) We denote with K^^^nd ^^^^ upper bound arising from (i) (ii); so 

^tmnd ■~ ^fmnd if > , ^Omnd ■~ ^^^(-^Omnd' ^Omnd) ■ (3-3) 

On the computation of K^^^. One proceeds in this way (possibly using nu- 
merical methods to compute the quantities mentioned below). 

(i) One chooses two values {s,t) fulfilling conditions (2.31); the choice s = m,t = n 
is natural whenever possible. After fixing s,t one considers for K^^^d the Bessel 
lower bound suggested by Proposition 2.5, Eq. (2.39), i.e., the number 

^fmnd ^^P ^mnd(A*' ^) ^ lowcr approximaut for this) . (3.4) 
The function ^^f^^ is determined by Eqs. (2.30-2.38). 

(ii) An alternative to the bound (3.4) is the Fourier lower bound suggested by 
Proposition 2.6, Eq. (2.45), i.e., the number 

^Lnd — sup J^ZndiP^ ^> ^) (or a lower approximant for this) . (3.5) 

p,q^O,<T,T>0 

The function ^^^^d determined by Eqs. (2.41-2.44). 

(iii) In the special case i — m, Proposition 2.7 also gives the (S'-constant lower bound 

Kund ^ Soond , 

with 5'oond as in (2.19). 

(iv) The best lower bound arising from (i) (ii) (iii) is 

^imnd ■= ^^i^emnd^ ^Lnd) if ^ < m, := max{Kfll^, Kf^^^, Soond)- (3.6) 

A table of upper and lower bounds. The forthcoming table considers the 
dimensions o? = 1,3 and a set of integer values for i,m,n. For each one of these 
values an upper bound K^^^^ and a lower bound K^^^^ have been computed with the 
methods outhned above. Then, the values of K^^^^ and of the ratio K^j^ndl ^tmnd 
have been reported in the table: giving the above ratio, rather than the lower bound, 
is more convenient to appreciate how narrow is the uncertainty on K^„ind- 
In all cases considered in the table S^hnnd, '^tmnd and ^i^nd are elementary func- 
tions, but often they have lengthy expressions; typically, their sups or infs have been 
evaluated numerically. The long expressions for the cited functions have been ob- 
tained implementing the general formulas of Section 2 on MATHEMATICA, in the 
symbolic mode; the same package, with its standard optimization algorithms, has 
been employed to compute numerically the necessary sups and infs. 
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In the cases ^ = of the table, the minimum (3.3) giving K^^^^ equals K^^^. 
Depending on the case, the lower bound KJ^^^ in (3.6) can either be a Bessel bound 
^imndi ^ Fourier bound Kf^^^ or an S'-constant bound S^nd'i to distinguish these 
situations we have placed after the value of KJ^^J K^^^^ the symbols (S^J, (F) or 
{S), respectively. 

Hereafter we present the table of upper and lower bounds; in Appendix B we give 
some examples of the calculations from which the table originated, reporting all the 
necessary details. 
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Table of the bounds K^^^^ ^ J^^mnd ^ ^tmnd for <Z = 1, 3 and some values 
of £,m,n (the notations (F), (Bst), (S) indicate the type of the lower 



bound K, 



£mnd 



)• 



d = l 



d = 3 



I) 


Vfl 


n 




7^— / 


+ 




K. 


Vfl 


n 




7^— / 


vand 





1 


1 


0.439 


0.917 


(^ll) 





1 


1 


0.135 


0.842 


(-B22) 





1 


2 


0.383 


0.987 


{F) 





1 


2 


0.0694 


0.918 


{F) 





1 


10 


0.274 


0.997 


(F) 





1 


10 


0.0215 


0.988 


(F) 


1 


1 


2 


0.562 


0.916 


{B12) 


1 


1 


2 


l/2\/2^ (*) 


1 


(S) 


1 


1 


3 


0.464 


0.945 


(Bu) 


1 


1 


3 


0.101 


0.987 


(5) 


1 


1 


10 


0.310 


0.984 


(Bi.io) 


1 


1 


10 


0.0296 


0.995 


(S) 


1 


2 


3 


0.372 


0.957 


(B23) 


1 


2 


3 


0.0581 


0.865 


(F) 


2 


2 


3 


0.564 


0.842 


(B23) 


2 


2 


3 


0.115 


0.916 


(-B23) 


2 


2 


10 


0.324 


0.955 


(^2,10) 


2 


2 


10 


0.0302 


0.981 


(S2,lo) 


2 


3 


3 


0.419 


0.907 


{B33) 


2 


3 


3 


0.0646 


0.901 


{B33) 


2 


3 


4 


0.366 


0.948 


(S34) 


2 


3 


4 


0.0482 


0.916 


{B34) 


2 


3 


10 


0.284 


0.971 


(-83,10) 


2 


3 


10 


0.0237 


0.909 


(-83,10) 


2 


10 


10 


0.254 


0.909 


(Sio.io) 


2 


10 


10 


0.0167 


0.754 


(F) 


4 


5 


6 


0.417 


0.878 


(F) 


4 


5 


6 


0.0437 


0.870 


(F) 


10 


10 


11 


1.238 


0.817 


(F) 


10 


10 


11 


0.0990 


0.798 


(F) 


10 


11 


11 


0.969 


0.825 


(F) 


10 


11 


11 


0.0734 


0.817 


(F) 


10 


11 


12 


0.804 


0.845 


(F) 


10 


11 


12 


0.0583 


0.833 


(F) 


10 


11 


20 


0.391 


0.906 


(F) 


10 


11 


20 


0.0223 


0.905 


(F) 


10 


20 


20 


0.214 


0.888 


(F) 


10 


20 


20 


0.00978 


0.974 


(F) 



* Note that -j= 
constant ii'ii23- 



0.1994... . The equality -?^ii23/^ii23 = 1 indicates that 



2\/27r 



is the sharp 
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4 Asymptotics for the upper and lower bounds 

on Kimnd • 

As reviewed in the Introduction, in oTir previous work on the constant Kfu^ = -f^M 
we have analyzed the i +00 asymptotics of some upper and lower bounds for this 
constant, the conclusion being (1.4). 

Now, we are in condition to analyze more general limit cases; here we discuss the 
behavior of K^mnd when 

m = b£,n = ce (l^b^c), £ ^ +00 . (4.1) 

We note that conditions (2.1) on £, m — h£, n — c£ and d are fulfilled if 

Let us first analyze the asymptotics of an upper bound for Ki^^^. Our starting 
point is the inequality 



Kimnd ^ -f^Wd , / sup yimnd{u) , (4.3) 

Y we[o,+oo) 

with yemnd as in Eq. (2.4), to be used with m — b£ and n — c£. We note that Eqs. 
(2.4) (2.5) give 

T{{b + c)£-d/2) „ . . 
'>^m,ci,dW - (47r)<i/2r((6 + c)£) ^''^'^^^^ ' ^^-^^ 

Ebcd^ : [0, +oo) ^ (0, +oo) , (4.5) 

u ^ E^Mu) := (1 + 4uY ,F,{{b + c)£ - ^, b£, c£; + -u) . 

Our subsequent analysis rests on the condition introduced hereafter. 

4.1 Definition. Let 1 ^b ^ c, and d E Nq. We say that condition ©^cd holds if 

sup ^bcdiiu) = 1 + 0(l/£) for £^+oo . (4.6) 
ue[o,+oo) 

4.2 Remarks, (i) In any case, T,i,cde{0) = 1. So, the above condition means that 
sup„ Tibcde is close to the value of the function at m = 0. 

(ii) Condition &ud does not hold for any d G Nq. In fact, with the present nota- 
tions, Proposition 2.2 of [16] gives sup„g[o^+^) Siid^(ii) = Eiid^(l/2)[1 + 0(l/£)] = 
3'^/2+i/22-rf/2(4/3)^[l + 0{l/£)] for £ ^ +oo. 
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On the other hand, this negative result is not important for our purposes: in fact 
the case b — c — 1, i.e., i — m — n, is just the one analyzed by different means in 
[16], and summarized here via Eq. (1.4). 

Hereafter we consider a case where &bcd can be proved, and another one where it 
can be reasonably conjectured. 

4.3 Proposition. Condition &22d holds for each d e Nq. 

Proof. See Section 8. o 

4.4 Remark. The above result is sufficient for our purposes, but there is evidence 
for a slightly stronger statement: sup„>Q T,22di is attained at a point u = U22d£ 7^ 
that, for £ — > +oo, converges to zero in such a way to fulfill condition (4.6). We 
return to this point in the forthcomig Remark 8.2. o 

Let us pass from the case 6 = c = 2to6 = 2,c = 3; for the latter we have found 
numerical evidence (but no analytic proof) for the following conjecture. 

4.5 Conjecture. For each d e Nq there is a real number id > d/8 such that, for 
all £ ^ £d, the function 'S23de is strictly decreasing on [0, +oo). So 



(which implies condition &23d, in a strong version with no term 0{l/£) in Eq. (4-6)). 

In the above, the condition £d > d/S reflects the inequality on £ in Eq. (4.2), for 
b — 2 and c = 3. Conjecture 4.5 is probably related to some inequalities for the 
qJriFq fuuctious, coujectured in [8]. 

4.6 Proposition. Suppose condition &bcd to hold for some fixed b,c,d (1 ^b ^ c, 
d e No). Then, the upper bound Kf^^^^^ on K^^u,ci,d has the asymptotics 



sup Tl23di{u) = I!23ck(0) = 1 for each £ ^ £d 



(4.7) 



ue[o,+oo) 



l + 0{l/£) 



for £ — > +00 . 



(4.8) 



Proof. Let £ +oo. Eqs. (4.3-4.6) give 




(4.9) 



Now, the thesis follows using the relation 



r{{b + c)i-d/2) 

mb + c)£) 



l+0(l/£) 
[(6 + c)£]<^/2 ' 



(4.10) 
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which is a consequence of Eq. (1.15). o 

Let us pass to the asymptotics for a suitable lower bound on Ki^u,ci,d- We recall 
that, for any l,m,n, we have the Fourier lower bound (2.44); let us use this with 
p — q — Q. So, for all cr, r e (0, +oo), 

1 1 J ad 1 1 m 1 1 Jrd \ \ n 

here f^d := fp=o,a,d^ i-e., 

/.diR'^^R, a; ^ ^,(x) := e-"l=^l'/2 (ae(0,+oo)). (4.12) 
Our main result in this framework is the following. 

4.7 Proposition. Let 1 ^ b ^ c, d e Nq, and 

^bc := {(e, V) e (0, 1/6) X (0, 1/c) U + ^ < 1 } . (4.13) 
Then, for fixed (^, rj) G Abe and i +oo, 

Proof. See Section 8. o 

For given b, c one uses Eq. (4.14) choosing (^, 1]) G A^c so as to minimize D^c (or to 
go as close as possible to the minimum point of this function); this choice gives the 
best lower bound of the type (4.14), in the limit i — > +oo. 

Let us write down two Corollaries of Propositions 4.6 and 4.7, for the cases b — c — 2 
and & = 2, c = 3, respectively. 



4.8 Corollary. For any d G Nq, the following holds. 

^e,2e,2e,d 



(i) The upper bound Kf2^2td ^-^ ■^^c^ ^^^^ 



^«.«=7T6SFr (4-15) 

(a) The function D22 '■ A22 (0, +00) from Proposition Jf..l attains its minimum 
at = Tj = 1/4. It is ^22(1/4, 1/4) = 16; so, the corresponding lower bound 
•^imii^/W' !/(«)) is such that 

(Hi) As a consequence of (i) (ii), one has 

K,„,d = ^f^^^ for (4.17) 
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Proof, (i) Use Proposition 4.6 with b — c — 2 (recalling that condition 622 holds, 
by Proposition 4.3). 

(ii) Elementary. 

(iii) The thesis follows from =^J^,2£,<i(^' Ii) ^ ^mi,d < <> 



4.9 Corollary. For d e Nq, we have the following. 



i) If & 23d holds, the upper bound -f^/^^s^^ is such that 



= \^^^ fori^+oc. (4.18) 

(ii) Consider the function D23 : A23 —>■ (0, +00) from Proposition 4-7, and evaluate 
it at (^, 77) := (1/5, 1/7) (which is close to its minimum point). It is D23(l/5, 1/7) = 
23; so the corresponding lower bound =^^^,3^,^(1/ (5£), l/(7£)) is such that 

^) = \^3^ for < - +00 . (4.19) 

(Hi) Summing up, (i) (ii) give 



/or.^+oo, (4.20) 

where ^ means that the indicated relation is true if condition &23d holds. 

(623d) 

Proof, (i) Use Proposition 4.6 with 6 = 2, c = 3. (ii) Elementary, (iii) Obvious, o 



5 Proof of Proposition 2.2. 

Here and in the rest of the paper, we work in a fixed dimension d e Nq. The 
proof of the cited proposition is preceded by some lemmas. The method is similar 

to the one of [16], but technically more difficult; again, the basic idea is to work 
with the Fourier transform J^, that sends the pointwise product of functions into 
the convolution. 

Let us write F * G for the convolution of two complex functions F, C on R"^, given 

by 

{F*G){k):= [ dh F{k - h)G{h) . (5.1) 
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We have 

^if9) = J^^f*^9 (5.2) 

for all sufficiently regular functions / and g on (and, in particular, for functions 
to which we will apply (5.2) in the rest of the section). 

Let us recall the definition (1.44) Gtd{k) := 1/(1 + \k\y for alH G R and k G R'^, to 
which we will refer systematically in the sequel. The forthcoming Lemmas consider 
pairs m, n or triples i, m, n of real numbers. 

5.1 Lemma. Let m + n> d/2. Then, the integral defining the convolution {Gmd* 
Gnd){k) is convergent, for all k e . 

Proof. For an integral j-^d F{h)dh to be convergent, it suffices that F be continuous 
and that, for h ^ oo, F{h) = 0{l/\hY') with r] > d. For any k G R'', the convolution 
integral 

fulfills these conditions with r] — 2{m -\- n) . o 

5.2 Lemma. Let ^,m,n fulfill (2.1). Then 



Kimnd < sup Simndik) , (5.4) 

Semndik) 'l^^l^p' {Gmd * G^d) (k) . (5.5) 
Proof. Consider any two functions / G H"'{R'^, C), g G i/'"(R^ C). Then 

11/^11.' = dk{l + ky\:FU-9m\' = ji^dj^, dk{l + eY\{:Ff * :Fgm\' . (5.6) 
Explicitating the convolution we find 

{Tf * J^g){k) = f dhTfik - h)Tg{h) (5.7) 

= / dh ] r^^.n (Vi + 1^ - /^p" rf{k - /i)yrTp^ v^(/i)), 

jR'i ^Jl + \k-h\^ ^1 + |/?.|2 
and Holder's inequality \ j dh U{h)V{h)\^ ^ J dh\U{h)\^ J dh \V{h)\'^ gives 
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\iJ'f*J'g)ik)\'^Cik)Pik) , (5.8) 
f dh 

^^^^ L {i + \k-h\-r{i + wY ^ * ^-'^^ ' 

P{k):= I dh{l + \k-h\'')'^\Tf{k-h)Wl + \h\y\Tg{h)\' . 
Inserting (5.8) into Eq. (5.6) we get 

11/^11.' ^J^dJ^, dk{l + \k\'YC{k)P{k) (5.9) 

^ f ^^7^TP-<^(^)) / '^^^(^) = ( Sirnndik)) f dkP{k) . 



But 



f dkP{k)= I dk{l + \k\'^)'^\Tf{k)\^ f dh{l + \h\'^Y\Tg{h)f 



^ llalP 

m liy lln ' 



SO we are led to the thesis. o 
5.3 Lemma. Let m,n^ 0, m + n > d/2. Then, for all k G R^, 

[<^md * <^nd) (fc) = TT / ^ ^-^ i%nnd( — j , (5.10) 

where F^nd is the hypergeometric function (of the 3F2 type) in Eq. (2.5) of Propo- 
sition 2.2. 

Proof. Both sides of (5.10) are symmetric in m, n, so we can restrict the attention 
to the case m ^ n and write our basic assumptions as 

d 

O^m^n, m + n > — . (5-11) 
Conditions (5.11) on m, n are equivalent to 

^ < n, meM„d, Mnd := [0, n] n {d/2 - n, +00) . (5.12) 

Let us fix A; G R'^. Wc claim that it is sufficient to prove the thesis (5.10) under 
even more restrictive conditions than (5.12), namely, for 

d 

- < m ^ n . (5.13) 
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In fact, for fixed {k e K"^ and) n > d/A: 

(i) both sides of Eq. (5.10), viewed as functions of m, are analytic in an open 

neighborhood on Mnd, namely, the interval {d/2 — n, +00). This is made evi- 
dent by the expression (5.3) for the convolution integral {Gmd * Gnd) {k) and by 
the considerations about q+iFg following Eq. (1.24), here applied to -Fmn(i(|^P/4) = 
3F2(m + n- d/2, m, n; (m + n)/2, {m + n+ l)/2, 74) C). 

(ii) By the principle of analytic continuation, if the two sides of (5.10) are equal for 
m e {d/4:, n], they are equal as well for m in M„,i. 

The rest of the proof is devoted to establishing (5.10) for m,n as in (5.13). 

Under these conditions we can represent Gtd as the Fourier transform of the function 

gtd (Eqs. (1.45) (1.46)), both for t = n and for t = m. From here and (5.2), 

{Gmd * Gnd) (k) = (277)^^/2^ i9md9nd) (k) ■ (5.14) 

The product gmdQnd is a radially symmetric function, whose explicit expression in 
terms of Macdonald functions follows from (1.46). So, J- {gmdgnd) can be computed 
using the formula (1.35) for radially symmetric Fourier transforms, and the conclu- 
sion is 

{Gmd* Gnd) {k) (5.15) 

(27r)'^/' /•+°° 

2m+n-2Y{ri)T{m)\k\'^/'^-^ 

the above integral is computed via (1.32), and in this way one gets the thesis (5.10). 
(Final remark: some of our last manipulations seem to exclude the point /c = 0, 
see e.g. the denominator in Eq. (5.15); however, Eq. (5.10) holds here as well, by 
continuity) . o 



/•+00 

/ drr-+"-''/V,/2-i(|A;|r) X„.-<i/2(r)X„_,/2(r) ; 



5.4 Lemma. Let i,m,n fulfill (2.1). Then, for all k e , 

Semnd{k) = yemnd{\k\yA) , (5.16) 
where S^nmnd is the function in Eq. (2.4) of Proposition 2.2. 

Proof. This follows immediately from the definition (5.5) Semnd{k) ■— 



^\d 



(27r; 

{Gmd * Gnd) {k), from Eq. (5.10) of the previous Lemma and from the definition 
(2.4) of yemnd- o 



^The analyticity result for q+iFq stated after the integral representation (1.24) ensures the 
following in the present case, for fixed n > d/4 and u e [0, -|-oo): the function m i— > 3^2(771 + n — 
d/2, m, n; m/2+n/2, m/2+n/2 + l/2, —u) is analytic where m fulfills the condition m+n—d/2 > 0, 
i.e., for m e {d/2 — n, +00). 
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We are finally ready to derive the main result of the section, i.e., to prove Proposition 
2.2. 

Proof of Proposition 2.2, item (i). Again, i,m,n are assumed to fulfill (2.1). 

Lemmas 5.2 and 5.4 give immediately the bound (2.3) for K^rnnd^ with ,5^hnnd as in 
Eq. (2.4); in the sequel we frequently mention the hyper geometric function F^nnd 
appearing in Eqs. (2.4) (2.5), recalling again that this is of the 3F2 type. 
In the special case m — n, the expression (2.6) of Fmnd as a function follows 
immediately from (1.25). Eq. (2.7) for the "trivial" case m — arises noting that 
Fond{u) = 3F2{n - d/2, 0, n; n/2, n/2 + 1/2, -u) = 1 by (1.22). 
Let us prove the properties of ^emnd mentioned in item (i), for arbitrary i,m,n,d. 
First of all, the statement S^emnditJ') ^ (0, +00) for all u G [0, +00) follows imme- 
diately from the relation (5.16) between this function and Simnd, which is positive 
due to the definition (5.5). Any hypergeometric function pFg takes the value 1 at 
the origin; so, ^£mr«i(0) has the expression (2.8). To conclude, we must prove the 
asymptotics (2.9) for y£mnd{u) as u ^ +00; this will give the result (2.10) for 
<^mnd(+oo), also implying the boundedness of S^emnd on [0, +00). 
To derive (2.9), we first consider the case m < n and apply to Fmnd{u) the general 
asymptotics (1-31) (with a — m, (3 — n, j — 'm + n — d/2); with the obvious relation 
(1 + AuY ~ {^uY, this gives 

4^ r(n - -) r 

~ (^^^^^(^^^ forii^+oo, (5.17) 

^ ._ r(f + f)r(f + 1 + 1) r(n-m) 

r(m + n) r(f -f)r(f -f + i) ■ 

On the other hand, expressing r(n ± m) via the duplication formula (1-13) we see 
that ^ 

Tmn = ^ for all n ; (5.18) 

Eqs. (5.18) and (5.17) give the thesis (2.9), with the previous assumption m < n. 

To conclude, we must derive (2.9) in the special case m = n, where F^nd collapses 
into a 2F1 function due to (2.6); this case is worked out similarly to the previous 
one, using the asymptotics (1.30) (and again, the duplication formula for F). o 

Proof of Proposition 2.2, item (ii). Our aim is to derive the series expansions 
for Fjnnd in the cited item of the proposition, and to show that they are just finite 
sums with the special assumptions on m, n, d indicated therein. 
First of all we note that, for u E [0, +00), 
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Fmndiu) (5.19) 



(m+nX (m+n;l^ - 2^1 (m + n - - + m + — - + -X.) 

hoo 



In the above, the first equahty follows directly from the definition (2.5) and from 
the expansion (1.29); the second equality follows writing Fmnd{u) = zF2{m + n — 
|, m, n; Hii|±l_ m±Ji-^ —^^^ and then using again Eq. (1.29). On the other hand, 

d — m — n n — m m + n . , 

d m + n , 2i^H 5 > ; + -^^J 

2Fi{m + n--+i,m + i;^— + i;-u) = . 3..+n-d , , 

2 2 (1 + m) — 5 — 

+00 / d-m-n \ / n-m \ . . ■ 



the first equality above follows from the Kummer transformation (1.26), the second 
one refiects the standard power series expansion (1.18) for 2-^1- The latter expansion 
holds if M G [0, 1), or u G [0, +00) and the series over j is a finite sum; these are just 
the conditions in the Proposition under proof. 

Inserting the expansion (5.20) into the first equality (5.19), one gets (2.11). 
For similar reasons, we can write 

d . .m + n+\ . , n+^. rn^ ^ ^. 

2Fi{m+n--+t,m+i; +t;-u) = . , ,. 

Z Z (1 + 2 

+00 f d+l—m-n \ ( n+l-m \ , . ■ 

+ (H^ + ^)^. j! ^ ■ ^ 

(again when -u G [0, 1), or u, G [0, +00) and the series over j is a finite sum). Inserting 
this result into the second equality (5.19), one gets (2.12). 

We finally come to statements (2.13-2.14), giving conditions for the series over j, i 
in (2.11) or (2.12) to become finite sums; as an example, we account for the first of 
such statements. 

The series over j in (2.11) contains the Pochhammer symbol ( '^~'^~" )^.; on the other 
hand, the assumption in the first line of (2.13) is equivalent to 

'l-2!l-^ = -h^ heN. (5.22) 
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Prom /i e N we infer {—h)j ~ for j > h, so 

m-\-n — d 
2 

in (2.11) . (5.23) 

The other statements in (2.13-2.14) are proved analyzing: the term ( ^~^+i ) in 
(2.11); the term ( rf+i-"'-^ )^ (2.12); the term (^) . in (2.12). ' o 



+00 



i=o 



7=0 



6 Proof of Proposition 2.5. 

Hereafter we prove items (i) (ii) of the cited proposition (after this, item (iii) will 
be obvious). 

(i) We must show that g,ytd belongs to iJ"(R'^, C), and justify the expression (2.30) 
for its if" norm. The relation g^^td G -//"(R'^, C) follows from the finiteness of the 
integrals appearing below; the norm of this function is given by 

Ml - 1 dk (1 + \km^g.um^ = -L j^^ (6.1) 

r(d/2)i/2<i I'l' (i + p7i.2)2t T{d/2)vd (i + k)2* ■ 

In the last two passages we have used Eq. (1-10) for the integral of a radially 
symmetric function, depending only on p :— \k\, and then we have changed the 
variable p to m = /i''^- 

Let us fix the attention to the integral over u (clearly convergent, due to the as- 
sumption t > n/2 + d/A in the statement under proof); this integral is computed 
via the identity (1.28), and one gets the thesis (2.30). 

(ii) In the proof of Lemma 5.4, we have derived Eq. (5.15) for a Fourier transform 
of the type J-'{gmdgnd) ■ With similar manipulations, in this case we get 



^ (gusdQutd) (k) (6.2) 

s-d/2^t-d/2 r+oo 

and a coordinate change r ^ r/\k\ gives 

J^ignsdQutd) (k) = Gstddj-: V] 1^174) , (6.3) 
with Gstd as in (2.33). This implies 
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\\g^.sdgutd\\j = [ dk{l + \k\''Y\J^{g^sdg.td){k)\^ (6.4) 
= / dkil + \k\'YGl,{^i,iy;\k\y4). 

On the other hand, for radial integrals we have dk — 2n'^/'^\k\'^~^ d\k\ /T{d/2), and 
putting \k\— I^Ju we get the expression (2.32) for \\g^sd9vtdV(.- 

Finally, let us consider the case s — |gN + |, £gN, and show that 

Eqs. (2.32) (2.33) yield Eq. (2.35). To this purpose, wc first compute the function 
Gstd{lJ',i^]u) in (2.33); in this case Eq. (1.16) for the Macdonald functions gives 

^ {2s -I- d-iy.{2t- J - d - ly. /iV^' 



i! j!(s - i - I - I)! (t - J - f - 1)! MV2+i/2+d/2 



X dr r'+^+'^/Vd/2-i(r) e~^^ 



On the other hand, for any a G (0, +oo), 

r+oo 

/ dr r^+^'+^/Vd/2-i(r)e-'^/^ (6.6) 
io 

{i + j + d - ly. a'+^+'^ i+j + di+j + d+ld 



2d/2-ir(d/2) 



2Fi{ — , ; -; -a') 



{i + j + d - ly a'+^+'^ ^, i + j i + j + 1 d 2n 



2d/2-ir(ci/2)(l + a'^y+j+d/2+1/2 

where the first equahty follows from [19] (page 385, Eq. (2)), and the second one 
from the Kummcr transformation (1.26). Since i,j are nonnegative integers, one of 
the numbers ^ and ^'^V'^ is a nonnegative integer and equals [^^4^]; so. 



^i( ^ 'Q'-'^^^ (1)^ ■ ^^-^^ 



fe=0 



Now, setting a :— 2y/u/ (z^ + z^) we substitute (6.7) into (6.6) and then put the result 
into (6.5); the conclusion is 
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\ ' ^ \ \ -I i=o j=o k=0 

i-iyU + J+<J- l)!(2.s -/-(/- l)!(2f -j-d-iy. i-^)^ (-^), 

X ^2s+2t-i-j-2k-d/2-3i} j} _ i _ d _ ly (^^ _ j _ d _ lyj^d^^ ^ 

The result (6.8) has the form 



= r(d/2)r(.)r(t) ^■«"((^ + ,). + 4„)'««'^«'^ ' 

where Igtd and Ggujkd are as in Eqs. (2.36) (2.37). The next step is to insert 
this result into Eq. (2.32) for lls'/isd^'iywH^; this contains the integral over u of the 
expression 

(i + 4„)'GL(,.,.;«) - rHd/2)rHs)rHt) t ( [ ) (^»)' 

X GstijkdGsti'j'k'd 
(ijk)elstd ii'j'k')elstd 
l_li+i'j,j+f(lj + ^,)i+i'+J+/-2fc-2fe'+2(4^)fc+fc' ^ 
^ 77 ^ ^2 I /I \i+i'+j+j'+d+l ' 

we substitute this in (2.32) and integrate over u, taking into account that 

= T{a + mb-a-l) 

The conclusion is Eq. (2.35) for Wgi^sdOutdWe- o 



7 Proof of Proposition 2.7. 

Throughout the section we make the assumptions of Eq. (2.46): 

^ ^ ' 2 

7.1 Lemma. One has 



Keend > ^ (7.1) 

llflln 
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for each nonzero g E miR^, C). (Note that g{0) makes sense, by the well known 
imbedding m{R^, C) c C{R^, C).) 

Proof. Let us present the idea heuristically. We fix a nonzero g E //"(R^C), and 
write the inequahty 

Kund ^ II r ii'^ ^1 (7.2) 

where {fe)e>o is a family of approximants of the Dirac S distribution on R*^: fe^S 
as e ^ 0+. Then, for e 0+, f^g ~ g{0)f^ and 

1^(0)1 UWe; (7.3) 

so, in this hmit, the inequahty (7.2) gives the thesis (7.1). For a rigorization of this 
argument, see the the proof of Lemma 7.1 in [14] (which contains a statement very 
similar to the present one). o 

Proof of Proposition 2.7. Prom the previous Lemma, 

Kund > sup -— |— ; (7.4) 

gei?"(R<^,C)\{0} llfl'lln 

as shown in [13], the above sup equals S^ond (and is attained g — gnd as in Eqs. 
(1.45) (1.46)). o 



8 Proof of Propositions 4.3 and 4.7. 



Each one of the two proofs will be preceded by a lemma about the asymptotics of a 
Laplace integral; we use this expression to indicate an integral of the form 



L(A) f 
Jo 



dte{t) e 



-\ip(t) 



{h e [0,+oo), A e (Ao,+oo) ) 



(8.1) 



where ^ G C((0,6),R), G C([0, 6), R)nCi((0, 6), R) are such that dt\e{t)\e-^^^^ 
< +00 for all A as above, and (p'{t) > for t G (0, b) (the prime meaning d/dt). The 
following implication is well known (see e.g. [17]): 



eit) 



= P{ip{t) - ip{Q)Y-\l + 0{ip{t) - (/?(0))] for i ^ 0+ (P G R, q; G (0, +00) ) 



L(A) = Pe-^^(°) 



V{a) 
A" 



l+0(i) 



for A — ^ +00 . 



(8.2) 
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8.1 Lemma. Let 

-1 ^^ +\x 



LsiX) I dt ^^^1^1^ for 5eR,Xe (0, +oo) . (8.3) 
Then, for each 6 E R, 



MA) = i^/^ forX^^^. (8.4) 
Proof. We have Ls(X) = dtes{t)e-^'^^*\ where 

It is easily checked that 

^'(^) = (T^l^sTT) > ° forte [0,1), (8.6) 
(/?(0) = 3 log 3 , cp{t) - ip{0) ^2t + 0{f) for t ^ 0+ , 

so, application of (8.2) yields the thesis (8.4). o 

Proof of Proposition 4.3. As usually, we consider any fixed space dimension 
d e Nq. We must prove condition ©22^, i-©-, 

sup E22de{u) = 1 + 0{l/£) for £ ^ +00 . (8.7) 

«G[0,+oo) 

Due to Eqs. (4.2) (4.5), for each m ^ we have 

^22d£{u) = (1 + AuY 3F2(U -^,2£, 2£; 2£, 2£ + ^; -u) (8.8) 

= (1 + AuY 2Fi{U -^,2£;2£+ ^; -u) ioru^O,£> d/6 

(the last equality depends on Eq. (1.25)). Now, using for 2-F1 the integral represen- 
tation (1.27) we get 

of course, this implies 

rf2£ + i/2) s^^"^ / A 

sup T.22m{u) ^ Vr^o^/ / ^^^^ ^sm{u) \ . (8.10) 

we[o,+oo) V^J-l^^J ^0 V 1 - s \we[o,+oo) ) 
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For all ^ > d/6 and s e (0,1), the function Wgde '■ [0, +00) — > (0, +cxd) attains its 
maximum at the point 



i-(i-4,)s 



d 

ov± - 

and so 



= = (1 - 1)3,-./. ■ ("2) 

Inserting this result into Eq. (8.10) we get 

sup T.22de{u) ^ Ude , (8.13) 

ne[0,+oo) 

— wx.. ^/o ^-r.,^n^ as- 



(1 - 1)4^-<^/2 0Fr(2£) io (1 - if'-''/' ' 

now, with a change of variable s = 1 — i in the integral and a comparison with Eq. 
(8.3), we find that 



^3e-d/2^^_j_^3e-d/2 r(2^+l/2) 



(the last factor indicates the Laplace integral ^^(A) of Eq. (8.3), with A = £ — 1 and 
5 — ?> — d/2). Let us determine the behavior of Uat for I — > +00. To this purpose, 
we use the relations 

(1 - ^f'"' = e-"'[l + 0(l/£)], (1 - = e''/'[l + 0{l/i)], (8.15) 

r(2£) — = v2£[i + o(i/£)j, L3-rf/2(£-i) = 33,_^/2 ' 

the first two are obvious, the third one follows from Eq. (1.15) and the fourth one 
comes from the asymptotics (8.4) of Ls[\). Inserting the relations (8.15) into (8.14), 
we get 

C/d, = l + 0(l/£) . (8.16) 
Let us summarize Eqs. (8.13) (8.16): 

sup T.22di{u) ^Um = 1 + 0{l/t) for ^ ^ +00 ; (8.17) 
ue[o,+oo) 

obviously enough, it is also 

sup T.22dt{u) ^ E22d£(0) = 1 (8.18) 

ue[o,+oo) 

and Eqs. (8.17) (8.18) give the thesis (8.7). o 
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8.2 Remcirk. Using Eq. (8.8) with the known relation (ci/ciw) 2-^1(0, c, w) 
ah/c, one easily finds that 



w=0 



d 

du 



u=0 



^ . , 2(rf + 2)£ ^ 



(8.19) 



So, the function 'E22M '■ [0, +00) — > (0, +00) is strictly increasing in a neighborhood 
of -u = 0; we also remark that {d/du)\,^^Q'E22deiu) d/2 + 1 for £ — > +cxo. Even 
though u = is not a maximum point, the £ +00 asymptotics sup^^Q T,22de{u) = 
1 + 0{l/i) = S22df(0) + 0{l/i) suggests that, for large i, the sup of T,22de could be 
obtained at a point 0{l/i). We have found numerical evidence for this: ^22^^ seems 
to have a unique maximum point U22di, such that U22de — 0{l/£) for i — > +00. o 

8.3 Lemma. Let fad{x) '■— e"*^!^!^/^ for x e R'' and a > 0, as in (4-12); further- 
more, fix 

a e (0,+oo), C e (0, 1/a) . (8.20) 
Then, with \\ \\ai indicating the H"^^ norm. 



\\fc,/tA\ai. 
Proof. Eq. (2.42) gives 



■Kit 



C(l-aC) 



2T,d/2^d 



d/4 



1 + 0(J 



for 



+00 



(8.21) 



/ 



imoi r(d/2)C'^ 

with a change of variable p — -\/C^, we get 
^dl%s^ 



dpp''-\l + pTe-- ; 



(8.22) 



Wkl^Ali = f(^7^^<'^(^) ' ^«^(^) I dtt'/'-\l + Ctre-'' . (8.23) 



We note that 



LaCdii) 



+00 



^.24) 



Mt) := , Vadt) -.^t-a log(l + CO ; 



this indicates that La^l) is a Laplace integral in the parameter i, in the sense 
reviewed at the beginning of the section. One easily checks that 



V'adt) = > ^ e [0, +00) , 



(8.25) 



ipac{0) = 0, ipac{t) = il-aC)t + 0{t'') fort^O+, 
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from here and (8.2), we get 

T{d/2) 



1 + 0(^1 



for I — > +00 . 



(8.26) 



Inserting (8.26) into (8.23), and taking the square root, we get the thesis (8.21). o 

Proof of Proposition 4.7. Let 1 ^ 6 ^ c and ^ G (0,1/6), 77 e (0, 1/c) with 
^ + 77 < 1; we must derive the i +00 asymptotics (4.14), i.e., 

Wim^^nAt 1 + 0(l/£) r. (1 - e - r/)(e + r/) 



WhuAAUnAWci [Ac(^,r7)7r£]''/^ ' 



. (8.27) 



The thesis follows using Eq. (8.21) with (a, C) = (1)'C + ^)! (6, 0, or (c, ?]) (in each 
of the three cases, the assumptions on ^,77 ensure conditions (8.20) to be fulfilled). 
o 
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A Appendix. Derivation of Eq.( 1.32). 

Let us consider the integral 

/■+00 

h.8{h) := / drr^+'^+^+V5(/ir)X^(r)X.(r) ; (A.l) 
with this notation, Eq. (1.32) reads 

J _ r(/x + (5 + i)r(/y + (5 + i)r(/x + ^ + (5 + i) , 

^'^'^'^^^ - ^ r(/. + i. + 25 + 2) ^ ^^-^^ 

X 3F2(// + (5 + l,i/ + 5 + l,// + i/ + 5 + l; + 5+1, + <^ + 2 ' 

for /i, z/, 5 e R, /i > 0, 5, /i + (5, + 5, /X + z/ + 5 > — 1 . 

In the sequel we prove this identity, after checking preliminarily that the integral in 
the right hand side converges under the above conditions for /i, /x, i/, 5. 
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Convergence of the integral follows immediately from the relations J^{w) = 0{w^), 
Kr,{w) = 0(w-l''l) for ^ > -1, e R, w ^ 0+ and J^{w) = 0(1/^), Kr,{w) = 
e~'^0{l/^/w) for ^,?7 G R, ^ +00 (see [19], Chapters III and VII); these ensure 
integrability of the function of r in I^i^s{h), both near zero and near +00. To 
derive the equality (A. 2), we start from the familiar series expansion (see again [19], 
Chapter III) 

to be applied with w = hr; inserting this into Eq. (A.l), we get 
On the other hand. 



/>+oo 

/ drr''-^K^{r)K^{r) (A.5) 
Jo 

^ '^'^'^ Yi ^ ~ ^ ~ ^ Wi ^ ^ ^ ~ ^ Wi ^ ~ ^ ^ ^ \T( ^ ^ ^ ^ ^ \ 
V{a) ^ 2 ' ^ 2 ' ^ 2 ' ^ 2 ' 

if the arguments of all the above Gamma functions are positive (this is a special 
case of an identity in [7]: see Eq. (6.576.4), page 693). We can use Eq. (A.5) to 
compute the integrals in (A.4), the conclusion being 

V5(M (A.6) 
r(// + 1/ + 25 + 2 + 2A;) y ) ■ 

k=0 

Now, we introduce the relations 



r{a + k) = {a)kT{a), r{2a + 2k) = A\a)k{a + -)kT{2a) for A; e N (A.7) 

(the first appearing in Eq.(1.12), the second following from the first and from the 
elementary identity {2a)2k — 4*^(Qi)fe(Qi + l/2)k). In this way we get 

, r(/x + 5 + i)r(^ + 5 + m^i + U + 5 + 1) s .... 
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According to Eq. (1.18), the above series equals 

7-,/ r-. f-. r-.A* + ^c-iA* + ^c-3/l^, 

^F2{fx + S + l,u + S + l,fx + u + S + l;^^^ + S + l,^^^ + S + -;-—) , 

so Eq. (A. 2) is proved. (Final remark: in fact, the previous considerations give the 
thesis (A. 2) for < 1, i.e. h e (0,2), since the series expansion (1.18) for 3F2 
has a convergence radius 1. However, after proving the thesis for h e (0, 2) one can 
extend it to all h e (0, +00) by a standard application of the analytic continuation 
principle.) 



B Appendix. Calculation of the upper and lower 
bounds K^^^ in the table of page 20: some 
examples. 

Computation of Kq^2i- (i) We first determine the ^-function upper bound. 
Eqs.(2.4-2.14) give 

3 _(_ 71 

=^oi2i(«) = ^Q^^^^y foi- « e [0, +00) ; (B.l) 

the above function is easily studied by analytical means, the conclusion being 

sup yoi2i(u) = =51)121(0) = 4 ■ (B-2) 
ue[o,+oo) It) 

So, 



sup ^0121 (w) = J^< 0.434 := K^,, . (B.3) 

u€[0,+oo) V Id 

(n) Let us build the Holder upper bound (3.2); in this case, Eqs. (2.16) (2.23) (2.25) 

give Rii = R21 = R121 = [2, +cxd], so we must evaluate infpg[2,+oo] S'p*2i, the 
factors Spu, Sp*2i being given by Eqs. (2.17-2.19). As found numerically, the inf is 
attained for p close to 3.21, and 

inf Spn V21 ^ 0.383 := K^2i ■ (B.4) 

pG[2,+oo] 

(iii) The Holder bound K^2i is better than the ^-function bound K^2n so we take 

K121 K^2i = 0.383 ; (B.5) 
this is the value reported in the table. 
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Computation of -K^o-^2i- (i) We first consider the Bessel lower bound (3.4) with 
s = 1, i = 2. In this case, Eqs. (2.30) (2.35) give 

IbMlllll = 2 ' 11^^^21112=^6 ' ^ 

\\9,u9^2i\\o = ^ ^j^, ; (B.7) 

from here one computes, according to Eq. (2.38), the function 

JCriii^.^)--= ii''^"lMr''|| (/^,i^e(0,+oo)). (B.8) 

||fl'//ll||l||fl'i^2l||2 

It is found numerically that the above function attains its sup for (/x, u) close to 
(0.499,0.784), and that 

sup jC^i il^, y) ^0.951 Xo+121 - <i2i ■ (B.9) 

/i,i/>0 

(ii) We pass to the Fourier lower bound (3.5). In this case, from Eq. (2.43) one gets 

|2 11/ i|2 v^2 + 2p^ + (7 



11 „2 _ 4 + 8g' + 4g^ + 4r + 12gV + 3t^ 
IIV1II2- 4 ^ 

for h,p,q e [0, +00) and K,,a,T E (0, +cxd); from here, one computes the function 

flits 

(p, e [0, +00), £7, r e (0, +00)). A numerical investigation seems to indicate that 
the sup of this function is attained for {p, q, a, r) close to (0, 0, 0.472, 0.291); in any 
case, using the value at this point as a lower approximant for the sup we get 

sup ^of2i(P, Q: r) ^ 0.987 Xo'i2i - <i2i ■ (B.12) 

(iii) The Fourier lower bound -f^^2i is better than the Bessel lower bound Kq^2i ! ™ 
conclusion we take 

^om <2i = 0.987 i^om , (B.13) 
as indicated in the table. The symbol {F) appearing in the table recalls that the 
lower bound K^i2\ the Fourier type. 
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Computation of i^^ei- ^^^^ ^-function upper bound. Eqs. (2.4- 

2.14) give 

^ , , , , , 4 46189 + 20995 « + 9690^2 + 3230 1^3 + 665 + 63 
^4.aiW = (l + 4.) 524288 (l + .)^o (B-14) 

for u G [0, +00). It is found numerically that the above function attains its sup close 
to u — 0.315, and that 

, / sup ^4561 (ii) ^ 0.417 := ; (B.15) 

y Mg[o,+oo) 

this upper bound is reported in the table. 

Computation of X^ei- (i) We first consider the Bessel lower bound (3.4) with 
s = 5,t = 6. Eq. (2.30) gives 

11^^51 II5 = (2431 + 715//2 + 286//^ + llO/x^ + 35//« + 7/°) , (B.16) 

\\gu6i\\l = — — — (29393 + 83981/2 ^ 3315i/^ + 1300i/^ + 455i/^ + 126i/^° + 211/^^) 

iiyi-biiie 524288z/^ ^ 

for /X, 1/ e (0, +00). Eq. (2.35) gives 



I'^'^^^^^^^l'^ = 34359738368 (/. + .)^^ ^^^''^^ ^^''^^ 
where P{ii, ly) is a polynomial of the form: 

P{n,u) = Piji^'iy^ , Pij e N for all i,j . (B.18) 

The full expression of this polynomial is easily computed with MATHEMATICA, 
but it is too long to be reported here; as examples we give only three coefficients, 
namely, 

Pi8,o = 192972780, Pi,25 = 4236050, Po,26 = 222950. (B.19) 
The expressions of the above norms determine the function 

^ilK/^,^) ^- ||"^1iT"ii (/^,^e(o,+oo)). (B.20) 

It is found numerically that the above function attains its sup for {/i, u) close to 
(1.19,1.14), and that 

sup jri- (/X, u) ^ 0.823 ■■= ■ (B.21) 

u,i/>0 
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(ii) We pass to the Fourier lower bound (3.5). Prom Eq. (2.43) one gets 

WfhKiWl = — W - (16 + 64/i^ + 96h^ + 64/i^ + 16h^ + 32k + 288/i^k (B.22) 
16 \ K 

+mh'^K + 22Ah^K + 72/^2 + 72Qh?K'^ + 840/i^/«2 + 12QK^ + MQh'^K? + 105k^) , 
ll/p-ill' = - (32 + 160^=^ + 320p^ + 320p^ + 160p^ + 32p^° + SOa 

+960pV + 2400pV + 2240/cT + 720pV + 240^^ + 3600pV2 + 8400pV2 
+5040pV2 + 600(7^ + 8400pV^ + 12600pV^ + 1050(7^ + 9450pV^ + 945(7^) , 

WfqriWl = 7rrA/-(64 + 384^^ + 960g^ + 1280g^ + 960g^ + 384g^° + 64g^2 ^ ;L92r 
64 Y T 

+2880gV + 9600 A + 13440gV + 8640 A + 21 12?^^ + 720t2 + 14400?^^ 
+50400gV^ + 60480gV^ + 23760gV^ + 2400t^ + 50400gV^ + 151200?V^ 
+110880g V + 6300t^ + 113400gV^ + 207900gV^ + 11340t^ + 124740? V + 10395t^) 
for h,p,q & [O, +oo) and K,,a,T & (0, +oo); from here, one computes the function 

je-^.M ^, r) J' ^^77:'^''; (B.23) 

II JpCTlllS II J(?t1||6 

{p,q G [0, +00), (T, r G (0, +cxd)). A numerical investigation seems to indicate that 
the sup of this function is attained for {p, q, a, r) close to (0.288, 0.215, 0.147, 0.109); 
in any case, using the value at this point as a lower approximant for the sup we get 

sup je'^^,,{p,q,a,r) ^ 0.878K+,, := Kg,, . (B.24) 

p,g^O,cr,T>0 

(iii) The Fourier lower bound i^^gi better than the Bessel lower bound K^^q,; in 
conclusion we take 

^4-561 Kei = 0.878 , (B.25) 

as indicated in the table. The symbol (F) appearing in the table recalls the type of 
the lower bound K^^q,. 

Computation of K^i23- We use for this the =y-function upper bound. Eqs.(2.4- 
2.14) give 

yu2s{u) = T^^^T^ (B.26) 
327r(l + u) 

for u G [0, +00). The above function attains its sup in the limit u — > +00, and 

sup yu23{u) = V=^ii23(+00) = 1= . (B.27) 

ue[o,+oo) 2v27r 
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This is the value reported in the table; from a numerical viewpoint, K^^23 — 
0.1994... . 

Computation of K^^^s- We are discussing a case with £ = m, so we have the 
y^-constant lower bound (2.47); more precisely, this bound is (recalling Eq. (2.19)) 

'S'oo23 = ^7/^ -^1123 ■ (B.28) 



This lower bound equals "we can avoid calculating the Bessel and Fourier 

lower bounds, since they cannot be better. In the table we have indicated that 
-^ri23/-^ii23 — 1) we have used the symbol (S) to recall the type of the lower 
bound. 

Of course, in this case we have the sharp constant: 

Kn23 = K^i23 ■ (B.29) 

Computation of -^^^33. Again, we use the =5^- function bound. Eqs. (2.4-2. 14) give 

(1 + 4^)^(5 + ^) 
- 5127r(l + «)3 ^^-^^^ 

for u e [0, +00). It is found that 

I 13~ 19 fl9 

sup ^2233(h) = W^2233(^) = ^V^^°-11^^= ^2+233; (B-Sl) 

«e[o,+oo) V o Zm V Ztt 

this upper bound is reported in the table. 

Computation of ^^^33. (i) Let us compute the Bessel lower bound (3.4), with 
s = 2, t = 3. Eqs. (2.30) (2.35) give 

2 2 
||^M23|l2 = ^(l + 2/^' + 5/^') , 1^3311^ = (7 + 9^/^ + 9^/^ + 71/^) , (B.32) 



|bM23^.33||2 = .noA^.. , .A5 + ^Z^" + ^Z^" + ^/^^ + l^/^'^ + ^^/^'^ (B-33) 



1024(/x + u 

+7z/2 + 20f?u^ + 53/iV2 + 18/iz/3 + 62fi^u^ + 6z/^ + 43/iV^ + U^u^ + 3u^) ; 
from here one computes, according to Eq. (2.38), the function 

^2lli^(/^,^):- i}^'Tr\ (/^,^e(0,+oo)). (B.34) 

||9'/i23||2||5'i^33||3 
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It is found numerically that the above function attains its sup for (/x, p) close to 
(1.31,1.04), and that 

sup ii^, u) ^ 0.916 i^2+23i := -^2211 ■ (B.35) 

/i,i/>0 

(ii) Let us pass to the Fourier lower bound (3.5). From Eq. (2.43) one gets 

||/pa3||2 = I (-) (4 + + 4p^ + 12a + 20pV + ISa^) , (B.36) 

ll/grslls = g (-) (8+24g2+24g^+8g^+36r+120gV+84gV+90r2+210gV2+105r=^) , 
for p,q & [0, +oo) and cr, r e (0, +oo); from here, one computes the function 

„ „ ^\ . ||/p+g,o-+T,3||2 ,-r. o7\ 

\\jpa3\\2 ll/grSllS 

{p,q G [0, +oo), o", r G (0, +oo)). A numerical investigation seems to indicate that 
the sup of this function is attained for (p, q, a, r) close to (0.667, 0.114, 2.53, 0.430); 
in any case, using the value at this point as a lower approximant for the sup we get 

sup Je-i^sip, g, (J, r) ^ 0.809 ^2^233 - ^2''233 ■ (B.38) 

p,g^O,iT,r>0 

(iii) Since we are discussing a case with i = m, we have also the S'-constant lower 
bound (2.47); this bound is (recalling Eq. (2.19)) 

,Soo33 = -4= = 0.8672... ^^2+233 • (B.39) 
4v 27r 



(iv) The Bessel lower bound -f^^f3 is better than the ^'-constant and Fourier lower 
bounds 5'oo33, -^^2233) iu conclusion we take 

^2-233 ■■= = 0.916 7^2^233 , (B.40) 

as indicated in the table. The symbol {B23) appearing in the table recalls the type 
of the lower bound. 
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